Abstract. 2014 This investigation is a first step in the study of the topological obstructions involved in deforming the defects of ordered media; it belongs to the framework of the recent physical theories which classify stable defects in terms of the homotopy groups of a certain manifold V, characteristic for the given type of order.
In particular, it is shown here that the only obstruction for having two defect lines in a 3-dimensional sample cross through each other, without getting entangled, is a certain commutator in the fundamental group of V. This represents a qualitatively new phenomenon as far as the behaviour of certain materials (with non-commutative 03C01 V), some still to be synthesized, is concerned ; it also asks for a revision of certain traditional concepts in the physical theory of condensed matter.
The present paper contains a rigorous mathematical framework for the description of non-commutative defects, a discussion of some physical applications and some open problems. 1. Introduction. - The origin of this paper is a physical theory which classifies the defects of ordered media in topological terms (see [7, 8] ). We recall that purely topological properties can imply the existence of defects in an ordered medium. For example, if the order parameter is a 3-dimensional vector, and if along a certain spherical surface the medium has no defects, but the index of the corresponding vector field is non zero, we can be sure that in the region of space enclosed by the surface there are defects. In a similar vein, assume that the isotropy group of the order parameter is a finite group G c SO (3) , and consider a closed circuit C which does not contain defects. The variation of the order parameter along C leads to a continuous path [0, 1] -*+ SO(3) , starting with the identity. If, by lifting this path in SU(2), we get for t = 1 a nontrivial spinor, then we can be sure that C is linked with the defect lines ; in particular any (singular, selfintersecting) 2-disk whose boundary is C is crossed by a line of defects.
There is today a very similar trend of ideas in the physics of elementary particles, these In point of fact, in this paper, we study precisely the problem of deformation of defects in a 3-dimensional medium. Our canonical example will be a liquid crystal of biaxial nematic type, where the order parameter is an ellipsoid with three unequal axes. In this case, the isotropy group G is finite; it is D2 c SO(3). Its lift in SU(2) will be denoted by G. The defects are linear in this case [8, 9] . The same holds for any finite G c SO (3) . (See also [10] another, a close intercommunication between the physicists working with condensed matter and topologists, should be fruitful for both. We hope that this paper will be a good incentive for such ties and we have tried to write it in such a way that neither of the two groups of researchers whose subject it touches, should find it unreadable. This is the reason why our account is somewhat long.
The authors thank Claudine Williams who had the idea of putting them into contact.
2. The topological modeL -We will give an abstract mathematical model of an ordered medium and its defects. This model is suggested by [7] and [8] . (See also [10] .)
The following ingredients will be given : I. A (topological) space V, called the manifold of internal states. In this paper, it will be assumed throughout that V is connected, has a non-trivial fundamental group (n1 V = 1) and has its second homotopy group trivial (7r2 V = 0).
The fundamental group which is generally speaking non-abelian will be written multiplicatively, while the higher 7ri's (i &#x3E; 1), which are commutative, are written additively.
In rical relation (see [7] and [8] ) : dim + + { the lowest i such that 7r V is non trivial } + + 1 = { the dimension of the physical space } .
Hence, in our context, E will be (generically) of dimension one; in principle, will be a finite graph contained in M3, touching aM3 with some of its endpoints. The whole theory below could be stated in terms of such graphs, but it will be more convenient for us to work with a set of defects E which is a 3-dimensional submanifold of M3., of a very special type : we start with a graph r c M 3 and then we thicken it into a 3-dimensional object I, as in figure 1 . Note that r determines E uniquely (up to isotopy), but the converse is not true.
Remark : The standard mathematical terminology is to say that E collapses to r; the collapsing is the operation inverse to thickening.
The data Z c M3 and M3 -I M V are our mathematical model of an ordered medium (and its defects).
Remark : Sometimes it will be convenient to think of 0 as being also defined on DE -aM 3 n E.
Our E which is essentially one-dimensional cannot disconnect M3 and we have a homomorphism : defined only up to an inner automorphism, as long as we have not chosen our base point xo e M3 -Z. This is the principal ingredient as far as the topological study of defects is concerned. We will make some remarks on 03A6* at the end of the paragraph. [3, 4] or [6] [2] , [4] , [6] [4] , [6] Fig. 3 ). Let It will be more convenient now to return to our 3-dimensional model for the defects. So, we consider A, B c Z with where L1 '., d " are 2-disks, and using L we can produce (in a well-defined manner, up to isotopy) a box B3 c M3, diffeomorphic to the 3-ball, such that Hence :
We consider X2 = aB' -aB3 n I (as in figure 6 ).
It is understood that the four small disks which belong to OB' n I are in no way touched by the various isotopies and deformations which will be described next; one will think of them as being rigid, while all the rest of E n B3 will be flexible.
Inside X2 we consider three simple closed loops Ào, Â1., À2., as in figures 6 and 7.
The result of the operations described in figure 4 .2 is the subset A u B' contained inside B3 (Fig. 7) commute, then one can pass from M 3 -M -&#x3E; V to an ordered medium of the form M3 -Z ' % V by one operation 0-5, followed by one operation 0-4.
The operation 0-5 consists of joining A and B by a solid tube along 1. Then E is replaced by I" such that M" ) E, E" -B3 = Z -B3, Z" n B3 being as in figure 8 . We go from M3_Z I + V to Note that Z " N aB3 = Z n aB3 and that there is an obvious diffeomorphism h : Z " n B3 --&#x3E; B3 which is the identity on Z" n ôB3 and homotopic to the natural inclusion I" n B3 c B3, rel Z" n aB3. [h is unique, up to an isotopy rel Z " n aB3. We can realize it by inflating Z" n B3, keeping Z" n ôB3 fixed.]
Let y = h-1(A1)..If we consider 9 (7) Appendix : punctual defects in ordered media of dimension 2. -We will illustrate, by a simple, physically realizable example, the effects of non-commutativity for the junction of punctual defects. In this example, the order is a density wave (this could be, for example, a wave of density-of-matter in a liquid crystal, or a wave of density-of-electric charge in a metal).
The isotropy group of the order parameter is the semi-direct product of Z (= translations) with Z/2 (= rotations of angle 7r). The manifold of internal states V is the Klein bottle, and hence 1t 1 V = Z x Z, a classical result. ' A configuration of the ordered medium is represented by drawing the lines of equal phase (03A6 = 2 7rn, n E Z). Figure 9 represents three such configurations, which we will discuss. This example shows that the local topology around the defects is not enough to predict the interactions.
The whole situation of the medium between comes into play, and the result of a junction depends on the path chosen in order to realize it.
These kinds of effects depend on the non-commutativity of 1t1 V and disappear in the commutative case.
